Abstract We present methods for the computation of the Hochschild and cyclic continuous cohomology and homology of some locally convex topological algebras. Let (Aα, T α,β ) (Λ, ) be a reduced projective system of complete Hausdorff locally convex algebras with jointly continuous multiplications, and let A be the projective limit algebra A = lim← α Aα. We prove that, for the continuous cyclic cohomology HC * and continuous periodic cohomology HP * of A and Aα, α ∈ Λ, for all n 0, HC n (A) = lim→ α HC n (Aα), the inductive limit of HC n (Aα), and, for k = 0, 1, HP k (A) = lim→ α HP k (Aα). For a projective limit algebra A = lim← m Am of a countable reduced projective system (Am, T m, ) N of Fréchet algebras, we also establish relations between the cyclic-type continuous homology of A and Am, m ∈ N. For example, we show the exactness of the following short sequence for all n 0:
Introduction
In the spectral theory of commuting operators, in K-theory and in non-commutative differential geometry a prominent role is played by the continuous homology and cohomology groups of various topological algebras (see [9, 14] for references). There are a number of papers addressing the calculation of the cyclic-type continuous homology and cohomology groups of some Banach and topological algebras (see, for example, [6, [8] [9] [10] 21, 31, 46, 48] ). In the event that the topology of the algebra is given by a norm there is a well-developed and long-established homological theory [20, 24] . However, it remains the case that the cyclic-type continuous homology and cohomology groups can only be computed for a restricted range of topological algebras. In this paper we present a tool for the computation of several types of continuous homology and cohomology groups of topological algebras. For Fréchet algebras, the basis of the method is to reduce the calculation of homology and cohomology groups of Fréchet algebras to the corresponding ones for known Banach algebras by a consistent use of projective limits. More generally, we consider a projective limit A of a reduced projective system (A α , T α,β ) α∈Λ of complete Hausdorff locally convex algebras with jointly continuous multiplications, and reduce the calculation of its homology and cohomology groups to the corresponding ones for A α .
In § 2 we present relations between Hochschild, cyclic and periodic cyclic homology and cohomology groups of mixed complexes in the category of locally convex spaces. In § 3 we apply these relations to obtain results on various types of continuous Hochschild and cyclic homology and cohomology groups of locally convex and Fréchet algebras. In particular, we show that, for the class of Fréchet algebras A with trivial continuous Hochschild cohomology groups HH n (A) for n N , the continuous periodic cohomology groups HP k (A), k = 0, 1, are isomorphic to the continuous cyclic cohomology groups HC 2 +k (A) starting from an integer One can use the Arens-Michael decomposition to reduce the calculation of the homology and cohomology groups of Fréchet algebras to the corresponding ones for Banach algebras. It is known that any Fréchet locally m-convex algebra A is isomorphic to a projective limit of Banach algebras A m , m ∈ N, that is, A = lim← m A m . The main purpose of this paper is to establish relations between the cyclic-type continuous cohomology and homology groups of A and A m , m ∈ N, and to apply them to some natural classes of algebras. One of the difficulties of the topological case is that the quotient map from A to A m is not surjective in general, but it has dense range. For example, for locally C * -algebras those quotient maps are surjective [22] ; the description of contractible locally C * -algebras can be found in [16] . More generally, let A be a projective limit of a reduced projective system (A α , T α,β ) α∈Λ of complete Hausdorff locally convex algebras with jointly continuous multiplications. In Theorem 5.1 we prove that for the cyclic continuous cohomology HC * and the periodic continuous cohomology HP * of A and A α , α ∈ Λ, up to isomorphism of linear spaces, for all n 0, HC n (A) = lim → α HC n (A α ), the inductive limit of HC n (A α ), and, for k = 0, 1,
In Theorem 5.4, for a countable reduced projective system (A m , T m ) m∈N of Fréchet algebras, we also establish relations between the cyclic-type continuous homology groups of A = lim← m A m and A m , m ∈ N. For example, we show that, for all n 0, there exists a short exact sequence
where lim ← m 1 is the first derived functor of the projective limit.
There are similar short exact sequences for the following Hochschild homology groups H naive * , H bar * , HH * , and for the periodic cyclic homology HP * ; see § 3 for the definitions of these homology groups. In § 6 we apply the results of § § 3-5 to Fréchet locally mconvex algebras. For example, applications show that, for the Fréchet locally C * -algebra L(H) of continuous linear operators on an infinite-dimensional locally Hilbert space H, the continuous cyclic and periodic cyclic homology and cohomology groups of L(H) are trivial. We also show that, for the Fréchet algebra C(R) of continuous complex-valued functions on R, the continuous cyclic and periodic cyclic homology and cohomology groups of C(R) are the following:
the complex linear space of C-valued Radon measures on R with compact supports, and
Homologies of mixed complexes in the category of locally convex spaces
The category of locally convex spaces and continuous linear operators is denoted by LCS.
A Fréchet space is a metrizable and complete locally convex topological vector space over C or R. The category of Fréchet spaces and continuous linear operators is denoted by 'Fr'. Throughout the paper 'id' denotes the identity operator.
There is a powerful method based on mixed complexes for the study of the cyclic-type homology groups (see papers by Kassel [25] , Cuntz and Quillen [11] and Cuntz [10] ). We shall present this method for the category LCS of locally convex spaces and continuous linear operators; see [5] for the category of Fréchet spaces. A mixed complex (M, b, B) in the category LCS is a family M = {M n } n 0 of locally convex spaces M n equipped with continuous linear operators b n : M n → M n−1 and B n : M n → M n+1 , which satisfy the identities b 2 = bB + Bb = B 2 = 0. We assume that in degree zero the differential b is identically equal to zero. We arrange the mixed complex (M, b, B) in the double complex
There are three types of homology theory that can be naturally associated with a mixed complex. The Hochschild homology
is the homology of the chain
To define the cyclic homology of (M, b, B), let us denote by B c M the total complex of the above double complex, that is,
where the spaces
are equipped with the product topology, and the continuous linear operators b + B are defined by 
where even/odd chains are elements of the product spaces
respectively. The spaces (B p M) ev/odd are locally convex spaces with respect to the product topology [27, § 18.3 . (5)]. The continuous differential b + B is defined as an obvious extension of the above. The periodic cyclic homology
There are also three types of cyclic cohomology theory associated with the mixed complex, obtained when one replaces the chain complex of locally convex spaces by its dual complex of strong dual spaces. For example, the cyclic cohomology associated with the mixed complex (M, b, B) is defined to be the cohomology of the dual complex ((B c M) , b * + B * ) of strong dual spaces and dual operators; it is denoted by H for n 1. We put SM 0 = {0}, SM 1 = {0}. It is clear that S is continuous in the product topology. We then have the following short exact sequence of complexes of locally convex spaces:
where I is the natural inclusion. Throughout this paper, for a chain complex (
Hence, there is a long exact sequence
of homology groups. Recall that in the category of Fréchet spaces induced maps of the sequence (2.3) are continuous [20, Theorem 0.5.7] . It is easy to see that the short sequence of dual complexes:
is exact too. Hence, there is a long exact sequence of cohomology groups 
and One can see that there is a short exact sequence of complexes: 
and
Hence, there is a long exact sequence of homology groups
We claim that, for all n N , H(F ) n is an isomorphism. Therefore, by [30, Lemma 3.12] , it follows from the exactness of the sequence (2.7) that, for all n N ,
To show that H(F ) n is surjective, assume that n = 2k where k K and let (m 0 , . . . , m n ) ∈ (B c M) n be a cycle, that is, (bm 2 + Bm 0 , . . . , bm 2k + Bm 2k−2 ) = 0 and, in particular, bm 2k = −Bm 2k−2 . Further, since bB = −Bb and BB = 0, we can see that
Hence −Bm 2k ∈ (M 2k+1 , b) is a cycle. By assumption, for all n 2K, the homology of (M, b) vanishes, and so there exists y 2k+2 ∈ M 2k+2 such that by 2k+2 = −Bm 2k . By the inductive hypothesis, there exists y 2k+2 ∈ M 2k+2 such that by 2k+2 = −By 2k+2( −1) . Again, since bB = −Bb and BB = 0, we can see that In particular, by 2k+2 + By 2k = 0 and
Further, since bB = −Bb and BB = 0, it follows that
Hence
is a cycle. By assumption, for all n 2K, the homology of (M, b) vanishes, and so there exists v 2k+3 ∈ M 2k+3 such that bv 2k+3 = y 2k+2 − Bv 2k+1 , that is, y 2k+2 = bv 2k+3 + Bv 2k+1 . By the inductive hypothesis, there exists a chain (
Thus, H(F ) n is injective. Similar arguments work in the odd case. 
and 
The proof depends on the open mapping principle and the Hahn-Banach theorem.
Relations between cyclic-type homology groups for locally convex algebras
Let A be a complete locally convex algebra, not necessarily unital. By a locally convex algebra we shall mean an algebra A, which is a locally convex topological vector space in such a way that the ring multiplication in A is jointly continuous. One can consult the books by Loday [29] or Connes [9] on cyclic-type homological theory.
The continuous bar and 'naive' Hochschild homology of A are defined respectively as
where C n (A) = A⊗ (n+1) ,⊗ is the completed projective tensor product, and the differentials b, b are given by
Note that H naive * (A) is just another way of writing H * (A, A), the continuous homology of A with coefficients in A, as described in [20, 24] .
We denote by A + the unitization of a complete locally convex algebra A and consider the mixed complex (
The continuous Hochschild homology of A, the continuous cyclic homology of A and the continuous periodic cyclic homology of A are defined by
There is also a cyclic cohomology theory associated with a complete locally convex algebra A, obtained when one replaces the chain complexes of A by their dual complexes of strong dual spaces. For example, the continuous bar cohomology
. By extending results of [24] one can prove that, for a Fréchet algebra A with a leftor right-bounded approximate identity, H n bar (A) = {0} for all n 0, and so, by [5, Lemma 2], H bar n (A) = {0} for all n 0. For example, H n bar (A) = {0} for all n 0, for any C * -algebra A, because C * -algebras have bounded approximate identities. It is also true for the Banach algebra K(E) of compact operators on a Banach space E with the bounded compact approximation property. This algebra K(E) has a left-bounded approximate identity [13] . For more examples of Banach algebras with a left-or right-bounded approximate identity (see, for example, [38, § 5.1 
]).
We note also the following short exact sequence of complexes of complete locally convex spaces and continuous linear operators
which leads to a long exact homology sequence connecting the three homology groups
This shows that H It is easy to see that the short sequence of dual complexes
is exact too. Hence, there is a long exact cohomology sequence connecting the three cohomology groups
This shows that H n naive (A) = HH n (A) for all n 0 if and only if H n bar (A) = {0} for all n 0.
In view of the existence of the long exact sequences (2.3) and (2.5), there are long exact Connes sequences for complete locally convex algebras:
Therefore, by virtue of Proposition 2.4, the five lemmas and the above results, we can prove the following theorem, which is a generalization of [5, Theorem 1].
Theorem 3.1. Let A be a complete locally convex algebra. Then, for the following statements, (i) is equivalent to (ii); (iii) is equivalent to (iv); and, for Fréchet algebras A, (ii) is equivalent to (iii). (i) There exists a long exact Connes-Tsygan sequence of continuous homology groups
(iv) There exists a long exact Connes-Tsygan sequence of continuous cohomology groups
The following propositions are about the equivalence between the continuous cyclic homology of A and the continuous periodic cyclic homology of A when A has trivial continuous Hochschild homology HH n (A) for all n N for some integer N . 
Applications to Fréchet and operator algebras
To start with we recall some notation and terminology used in homological theory. These can be found in any text book on homological algebra (see, for example, MacLane [32] for the algebraic case and Helemskii [20] for the topological case). Furthermore, we apply the results of § 3 and some well-known results from the homology of Banach algebras to calculate continuous cyclic, periodic cyclic and entire cyclic homology and cohomology groups of some Fréchet, Banach and operator algebras. These results will be used in § 6 for the calculation of cyclic-type homology and cohomology of some locally m-convex algebras by a consistent use of projective limits of Banach algebras.
Homology of topological algebras
For any Fréchet algebra A, not necessarily unital, A + is the Fréchet algebra obtained by adjoining an identity to A. The linear span of the set {a 1 a 2 : a 1 , a 2 ∈ A} is denoted by A 2 , and the closure of Recall the definition of H n (A, X). Let A be a Fréchet algebra and let X be a Fréchet A-bimodule. We will define the continuous homology H n (A, X) of the algebra A with coefficients in X (see, for example, [24] or [20, II.5.28] ). We denote by C n (A, X), n = 0, 1, . . . , the Fréchet space X⊗A⊗ n ; we shall call the elements of this space n-chains. We also set C 0 (A, X) = X. From the chains we form the standard homology complex
where the differential d n is given by the formula
The nth homology group of (C ∼ (A, X)), denoted by H n (A, X), is called the nth continuous homology group of the Fréchet algebra A with coefficients in X. For Banach algebras there is a well-studied notion of amenability. Recall some definitions. A Banach A-bimodule M = (M * ) , where M * is a Banach A-bimodule, is called dual. A Banach algebra A such that H n (A, X ) = {0} for all n 1 and for all dual A-bimodules X is called amenable [24] . A Banach algebra A is called N -amenable if H n (A, X ) = {0} for all n N for all dual Banach A-bimodule X (see [39, 40] ). The weak bidimension of a Banach algebra A is
Note that H n (A, (M * ) ) can be computed as the nth cohomology of the dual complex to C ∼ (A, M * ) (see, for example, [24] or [20, II.5.27] ). Therefore, in view of Proposition 2.4 presented above, one can extend the notion of amenability to Fréchet algebras. A Fréchet algebra A such that, for all Fréchet A-bimodules X and for all n 1, the nth cohomology of the dual complex of (
called amenable. An equivalent definition is the following. A Fréchet algebra A is amenable if, for all Fréchet
Recall that the algebra A is said to be biflat if it is flat in the category of Fréchet A-bimodules [20, Definition 7.2.5]. It is known that any amenable Fréchet algebra is biflat [20] .
Applications to Fréchet algebras of finite weak bidimension
The entire cyclic cohomology HE k (A) of A for k = 1, 2 is defined in [9, § IV.7]. 
Example 4.4 (Fréchet algebras of finite homological bidimension). (i) Let O(U) be the Fréchet algebra of holomorphic functions on a polydomain
(ii) Let M be any infinitely smooth manifold of topological dimension m, and let C ∞ (M ) be the Fréchet algebra of all infinitely smooth functions on M . 
Applications to biflat Fréchet and Banach algebras
Let A be a biflat Fréchet algebra. By [20, Proposition 7. 
Example 4.6 (biflat Banach algebras).
(i) Amenable Banach algebras. Each nuclear C * -algebra is amenable [18] . Some examples of amenable C * -algebras are: (a) GCR C * -algebras (in particular, commutative C * -algebras and the C * -algebra of compact operators K(H) on a Hilbert space H); (b) uniformly hyperfinite algebras [34, Remark 6.2.4] .
Let G be a locally compact group with a left-invariant Haar measure ds. The group algebra L 1 (G) of Haar integrable functions on an amenable locally compact group G with convolution product is also amenable [24] . Therefore, by Corollary 4.5, for the continuous cyclic and periodic cyclic cohomology groups and the entire cyclic cohomology of L 1 (G), we have the following. For all 0,
where
It is shown in [17] that the Banach algebra K(E) of compact operators on a Banach space E with property (A) which was defined in [17] is amenable. Property (A) implies that K(E) contains a bounded sequence of projections of unbounded finite rank, and from this it is easy to show (via embedding of matrix algebras) that there is no non-zero bounded trace on K(E). Therefore, by Corollary 4.5, the continuous cyclic and periodic cyclic homology and cohomology groups and the entire cyclic cohomology of K(E) are trivial, that is, for all n 0,
and, for k = 0, 1,
Further examples of amenable Banach algebras can be found in [17] .
(ii) Biprojective Banach algebras. The definition and examples of biprojective Banach algebras are given in [20, § IV.5] . One example is the Banach algebra 1 of summable complex sequences (ξ n ) with coordinatewise operations. By Corollary 4.5, for all k 0,
where ∞ is the Banach space of bounded sequences, and
(iii) The algebra K( 2⊗ 2 ) of all compact operators on the Banach space 2⊗ 2 provides an example of a non-amenable, biflat semisimple Banach algebra with a left-bounded approximate identity [43] . 
Applications to Fréchet and operator algebras with trivial HH

Corollary 4.8. Let
A be a C * -algebra without non-zero bounded traces. Then
(H), C(Ω, K(H)), B(H)
, where H is an infinite-dimensional Hilbert space and properly infinite von Neumann algebras U, the conditions of Corollary 4.8 are satisfied. Therefore, for these algebras, the following continuous homology and cohomology groups are trivial: HH, HC and HP .
Cohomology of projective limits of locally convex algebras
In the first part of this section we recall some notation and terminology used in locally convex spaces and in topological algebras, and we give some necessary explanations. One can consult the books by Mallios [33] on topological algebras and by Jarchow [23] or Köthe [27, 28] on locally convex spaces. In the second part of this section we prove the main results of the paper on cohomology and homology of projective limits of locally convex and Fréchet algebras.
Inductive and projective limits: definitions, notation and explanations
We say that an index set (Λ, ) is directed if it is a partially ordered set with respect to such that for any indices α, β in Λ there exists an index γ ∈ Λ with α γ and
Let L be the linear span of the union of all Im(I α − I β • S β,α ), where α, β ∈ Λ such that α β. Then the quotient space ( β∈Λ E β )/L, endowed with the quotient topology, is called the topological inductive limit of (E α , S α,β ) (Λ, ) . We denote the inductive limit by lim→ α E α or ind α∈Λ E α (see, for example, [23, § 4.5] ). Note that on ignoring the topology in lim→ α E α we obtain the algebraic inductive limit.
Let Q : β∈Λ E β → lim→ α E α be the quotient map corresponding to our construction and let, by definition,
of topological vector spaces, as well as the corresponding inductive limit, is said to be reduced if the maps
are injective for every β ∈ Λ. For a reduced inductive system (E α , S α,β ) (Λ, ) , as a linear space, lim→ α E α is just the union α∈Λ E α [23, § 4.5] .
In the case where (Λ, ) is N with its natural order, a reduced inductive system (E m , S m,n ) N of topological vector spaces, and the corresponding inductive limit, are said to be strict if the topological vector space E n is a subspace of E m and S m,n is the embedding of E n into E m for n m in N and the topology of E n is equal to the one induced by E m .
The definition of a projective system (E α , T α,β ) (Λ, ) of topological vector spaces can be found in [23, § 2.6] . The subspace F of α∈Λ E α which consists of all (x α ) ∈ α∈Λ E α such that T α,β x β = x α holds for α β in Λ is called the projective limit of the projective system. We always consider F as a topological vector space with respect to the relative topology of the product. We denote the projective limit by lim← α E α or Proj α∈Λ E α (see, for example, [23, § 2.6] ). On ignoring the topology in lim← α E α , we obtain the algebraic projective limit.
Define T β as the restrictions of the projection Pr β :
Recall that a projective system (E α , T α,β ) (Λ, ) of topological vector spaces, as well as the corresponding projective limit, is said to be is as follows (see [37, § 5] or [14, § 3.2] ). Firstly, every projective system of Fréchet spaces (E j , T j,k ) (N, ) possesses a free resolution of the form
where L 0 = {0} and, for all j 1, L j = j k=1 E k is the free projective system with generators E 1 , . . . , E k , . . . , and the morphisms u = (u j ) and v = (v j ) of projective systems are defined by the formulae
Since the projective limit is a left-exact functor, the short exact sequence (5.1) induces a sequence of Fréchet spaces and continuous operators
which is left exact. Then one can deduce that
Therefore, on ignoring the topology in lim 1 ← j E j , we obtain the algebraic lim [47, § 3.5] for a similar construction in the algebraic case).
Recall that a projective system (E j , T j,k ) (N, ) with the property that all structural maps 
The same is true for the following cohomology groups: H naive , H bar and HH.
Proof . We deduce the theorem from a sequence of lemmas. (ii) for all n 0, up to topological isomorphism,
where the isomorphism is the linear continuous extension of
is a reduced inductive system and, up to isomorphism of linear spaces, 
where (β, α) ∈ (Λ×Λ, ) and (Λ×Λ, ) is directed by the order relation: (β, α) (β , α ) if and only if β β and α α . Note that the directed subset {(α, α) | α ∈ (Λ, )} is cofinal in the directed set (Λ × Λ, ). Therefore, up to topological isomorphism,
where the isomorphism is given by
By induction on n, one can see that, for all n 1, (A⊗
is a reduced projective system of complete Hausdorff locally convex algebras and, for all n 0,
(iii) By [23, Proposition 8.8.7] , the dual system of
is a reduced inductive system, and the dual of lim← α A⊗ (n+1) α can be identified as a linear space with the inductive limit lim→ α (A⊗ (n+1) α ) . Therefore, by part (ii), up to isomorphism of linear spaces,
is a reduced inductive system, as a linear space,
is given by the following map: for each α ∈ Λ, 
is a reduced projective system of complete Hausdorff locally convex spaces.
The isomorphism
, that is,
where v α ∈ A⊗ . Therefore, the isomorphism can be given by
The proof for the direct sum is still simpler. 
Conclusion of the proof of Theorem 5.1. Let us prove the result for HC
* . By definition, HC n (A) = H n ((B cΩ A + ) ,b * +B * ), where (B cΩ A + ) 0 = A, . . . , (B cΩ A + ) 2k−1 = (A⊗ 2 ⊕ A) ⊕ (A⊗ 4 ⊕ A⊗ 3 ) ⊕ · · · ⊕ (A⊗ (2k) ⊕ A⊗ (2k−1) ) and (B cΩ A + ) 2k = A ⊕ (A⊗ 3 ⊕ A⊗ 2 ) ⊕ · · · ⊕ (A⊗ (2k+1) ⊕ A⊗(
Fréchet algebras as projective limits of Banach algebras
Let A be a Fréchet locally m-convex algebra. We may assume that the sequence of submultiplicative semi-norms Γ = (p i ) i∈N on A is increasing; that is, for every a ∈ A, p 1 (a) p 2 (a) · · · p n (a) p n+1 (a) · · · . 
is exact.
